Poisson and Laplace equation

Electric field can be written as the gradient of potential: E = —VV.

-» | ooking at the divergence and curl of an electricfield, V . E = £ and V<E=10
€0

Interms of the potential: V. E=V .(—VV) = —-V2V

Then from Gauss' law:

0
V2V = ——. | ——— Poisson’s Equation
€0

— |n regions with no charge, i.e.,if o =0
VWV =0, ———s Laplace’s Equation

The curl of electric field is also consistent since

VXE=V x(-VV)=0.
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Electric potential

Knowing the electric field, one can calculate the potential.
E = (1/4mey)(q/r*)r
dl=drt+rdfb+ rsinfdo ¢

Then,

: 4 dr.
4rreq r?

E.dl =

Setting the reference point at infinity, the potential of a point charge g at the
origin 1s

r _1 r ! 1 |F 1
V(r):—fE-dl: f 2 ar = 90 - 1
O drey Jo 1?2 dregr’|,, 4megr

In general, the potential of a point charge g 1s

where 2, as always, is the distance from g to r
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Electric potential

Following superposition principle, for a collection of charges,

. P
V(l‘) = q—: . 2
dregy =1 % qe
. L
q;
For a continuous charge distribution, ®y ®
1 1
V(r) = “dq.
dmeg ) 2
— For a line, surface and volume charge distribution respectively,
1 A(r ’ 1 p(r)
V= f ™) a1 y = f"(”da* V(r) = f dr
4mep 2 4 e A 41 e 2
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Electric potential: Charged sphere

Find the electric potential inside and outside a uniformly charged spherical shell of radius R

We'll do it using the charge distribution,

1 o,
Vir)=—— | —da
drey | 2

We might as well set the point P on the z axis and use the law of cosines to
express 2

=y

2> = R*+ 72 — 2Rz cosh’.

An element of surface area on the sphere is R? sin®’ d@' d¢’, so

R*sin 0’ d0’ d¢’

dregV(z) = o -/ = = 4

VRT ¥ zF —2Rzcos @’
" sinf’

_ znﬂznf i de’
0 ~RZ+22 —2Rzcosf’

i

1
= 27 R%0 (_JRE 72 — ER:C{JSH‘)
Rz

0

27 R
=7 “(JR2+z3+2Rz—JRE :3—2Rz)

-
Fd

= R R - VR =)

<
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Electric potential: Charged sphere

At this stage, we must be very careful to take the positive root. For points outside
the sphere, z 1s greater than R, and hence \/ (R — 2)* = z — R; for points inside
the sphere, /(R — z)*> = R — z. Thus,

Ro R’c |
Viz) = —J|(R+2)—(z— R)] = —, outside;
2€02 €<

Ro Ro .
Viz) = —I[(R+2)— (R —2)]= —, inside.
262 €0

In terms of r and the total charge on the shell, g = 47 R?0,

L4 (r = R),

4mey r

Vir) = g
— < R).
4men R (r=R)
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Electric dipole

An electric dipole with equal and opposite charges separated by a distance d.
Calculate the potential at a distance r.

Let~_ be the distance from —¢ and 2, the distance from +¢

L (9 _4
dmeg \ 2y 2
We have,

2 2 2 2 d d?
23y =r"4+(d/2) Frdcosf =r 1;—{:059—}-4
r

V() =

r2
For r > d, binomial expansion yields

1 1 d IR d
— = —|1F —cosé = -1+ —cos6
r

24 r r 2r

Hence,
Then L1 g S 1 gdcosf

Vi) =
v % 77 coso (r) drey r?

112
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Potential due to electric dipole

For a given charge distribution, the most dominant contribution to potential comes from the monopole term.

Vinon (I‘) — L g

dmey r
where, 0 = j pdr
For a point charge at origin, this is the exact contribution. All higher order contribution vanish.

- |f the total charge happens to be zero, then most dominant contribution comes from the nno-zero dipole term.

P V()_ l l f . (f}d,r
4 dipT —431_6”’3 rcosapl(r )art

Since « 1s the angle between r’ and r

r cose =r-r
Then

1 1., ) g
Viip(r) = =2 [rp(r)dr

€y 12
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Dipole moment

Define dipole moment:
p= f r'p(r’)dt

Then we can write,

l p-r

Vap(r) = dmey r?

For a collection of point charges,

p=) qr,
i=1

For a physical dipole it reduces to:

p=gr, —gr =q@’, —r)=gqd

—» validonlyfor > d
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Electric field due to dipole

We have found out the potential in terms of dipole moment: 21

A

r-p _ pcost

Vaip(r, 0) =

Aregr?  dmeyr?

1.‘!_.: v

To get the field, we take the negative gradient of V':

dV ~ 2pcosf
T F N 4-3’1'6{}?‘3 1
13V psinb
YT e dregr’’
1 oV
E¢; — = - - =
rsié d¢
Thus, N A
Egip (r, 0) = 7(2cosfr+sin6 f).

4T €gl-
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