Recap: Two-body central force motion

* For two bodies interacting via a central force of the form
Fi, = f(r)#, we have m 7y = f(r)# and my7, = —f (r)#
* We decouple the equations of motion in term of COM motion (in terms of R) and
relative motion rwhere g _ mantmah o @ = |7 — 7y

My +Ma

* The corresnonsmf equation of motions are,
() R = Maitials JOPTUOF _ g and () 7 = (== ) f(r)F

iy "|'|".l'lg ity +Hla LS WL

* As the motion is a planar motion involving 8, we use plane polar coordinate system.
- Weget, () u(i¥—r0%)=rf@)
w(2r6 +rd) = 0
(i) wur?@ = L = constant.

iy 9A_1 25 _ L _
(i) =57 0 = i constant

: 1 1 .

(v) E = = S Ur? + Vepp (1),
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Kepler's 1% law - |

A planet orbits the Sun in an ellipse, with the Sun at one focus of the ellipse.

= Planets are bound to sun because of eravitational force.
GMm GMm C
f(r)=-

V() =-20 =L
= Here, C = GMm, where G 1s gravitational constant, M is mass of the Sun, and m

r r r

1s mass of the planet in question.

1

. : GMm
« Total energy in plane polar coordinate system, E = Em(rz +r?6%) — —

* To prove 1st law, we need to show that the relation in between r and 6 follows
equation of ellipse.

Ellipse (in cartesian): x?/a? + y?/b? =1
a(l — eg)

Ellipse (in plain polar): 7 =

1 + ecos(60) ‘
* a:semimajor axis, b: semi-minor axis, b2+c2= a2
c: focal length, e = c/a = eccentricity < 0 (for ellipse)

* Where to start with? A convenient eqn involving r, 0 Is
n.*r"“’{:} = L = constant.
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Kepler's 1% law -

+ In L = mr?6 make the substitution p = 1/r, so that 8 = Lp*/m

GMm

* What to substitute for dr/df 2 Another equation involving dr/dtis E = Em(ir2 +r?6%) —

N : 2E L
implies 7 = —+ 2GMp — sz

e Substituting 1 = G and e =1+ éﬁi we get, r= — ’E—2 — (p — r_)
0

Hence, 6= —f ! dpo =cos7! (’o — 1;’!'0).
Vel )? — (o — 1/r)? e/r
which can be rearraged to, r = /(1 + e cos ©) M
To
Hence Kepler’s 1st law is proved.
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Kepler’'s 2™ law

The line joining a planet to the Sun sweeps out equal areas in equal intervals of time.

Already proved as property of motion under a central force.

= As the particle moves along the trajectory so that the angle 8 changes by an
e . C 1
infinitesimal amount d@ , the area swept with respect to the origin 1s dA = Erzdﬁ? =

dA 1 5/ L .
qt — ET‘E — E = constant, because L 1s constant.
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Kepler's 3" law

The square of the orbital period of a planet is proportional to the cube of the semi-major axis
of its orbit.

* The orbital period T is simply the time taken to sweep out the total area of the ellipse
Aoy = mab = ma*V1 —e?

L
rxv=_—

* The rate of sweeping out areais A = 1,. X F = L
2 2 2m

tab m 2
Hence, T = = —2ma*V1 — e2 or, T?= Eal:rtza“(l —e?).

L/(2m) L 12
a(l—é€?)
»  Ellipse in plain polar coordinate reads: = - e cos(0) andwe r = 15/(1 + ecos0)
By comparing, we get, I = a(l — e?)
I? m? 1

* Again, we substituted o = F3r-—5 meaning, 7z ~ GMa(1 — e2)
mz
jz

Substituting in eqn T? = —4n?a*(1 — e*
2
4=

GM"

we get, T2 = Hence, 3 law is proved.
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