Product of vectors
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Dot product in cartesian oordinate system:
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Product of vectors

e Cross product in cartesian oordinate system:
Vector Cross Froduct Formul
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Cross product
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Gradient, Divergence, Curl in Cartesian coordinate

* Vis a vector differential operator that operates on scalar or vector

* Del operator in Cartesian coordinate system:
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Gradient: Del operating on a scalar f gives a vector.
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* Curl: Del operating on a vector through cross product gives a vector.
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Gradient: Physical meaning

 The gradient is always pointing in the direction of the function’s steepest increase.

Proof: If | take a unit vector w and dot product with gradient: '/ f vy :‘Vf‘ cos 6

will be maximum when 0 will be 0. So gradient gives the direction of maximum change.

 The gradient is perpendicular to the surface with constant f(x,y,z) (called “level surface”)

Proof: You can also visualize the gradient using the level surfaces on which
f(z,y,z) = const. (In two dimensions there is the analogous concept of leve/
curves, on which f(z,y) = const.) Consider a small displacement dr that lies on
the level surface, that is, start at a point on the level surface, and move along the
surface. Then f doesn't change in that direction, so df = 0. But then

0=df=Vj.dr =0 VfL{f(z,y,z)= const}
so that V f is perpendicular to dr. Since this argument works for any vector
displacement dr in the surface, ﬁf must be perpendicular to the level surface.

 The gradient’s strength indicates how quickly the function is changing in that direction.

 When the gradient is zero, a critical point (the maximum, minimum, or saddle point) is present.
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Gradient: Example |
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Gradient: Example Il
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Formulae in different coordinate system

Operation

Vector field
A

Gradient V1!

Divergence
V- Al

Cartesian coordinates (x,y,7)

Ax+Ay+A12

of, of. of.
3wx+ﬂyy+azz

d
04, . A, . 04,
de Oy 02

Table with the del operator in cartesian, cylindrical and spherical coordinates

Ap+ A+ A

Cylindrical coordinates (p, ¢,7)

Spherical coordinates (r, 6, p),

where 0 is the polar angle and g is the azimuthal angle

A+ Al + A

d daf - a
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rr o rsinfl df rsinf dy
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Divergence: Physical meaning

* Divergence measures the tendency of a vector field to disperse or collect at
a point. It is a local measure of its "outgoingness".

= 4 8 2 ~ 8 ~ ' > 8 5
VA= (i5-).(1A) + (,ya—y).(,;Ay) + (k). (kA)
0A; 8Ayi_8Az

s + € s
Ox dy 0z

Source: div/">0 Sink: divF <0 Incompressible: divF=0
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Divergence: Example

e Outgoing: div A>0

Az, y) = 2+ yj

= d J s dr Jdy B
VA= (f?ﬂ”—l_(}J)(TE—i_JJ} r?:r—i_%_l—i_l_g

* Incoming: div A <0

l

A(w,y) = —xi— yj

V.A= Ei—i— ﬂ}) .(—IE — y:;) = —% — f?_y = -2
or Oy
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Curl: Physical meaning

e Curlis an operation, which when applied to a vector field, quantifies the
circulation.
The magnitude of the curl measures how much the vector field is swirling,
the direction indicates the axis around which it tends to swirl.
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Curl: Example

Let’'s take a vector A:
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Curl: Example

Let’'s take a vector A:

‘A_l’(l? 0) = o

A(l,1) = —i+j x

A(0,1) = —i

A(-1,1) = —i—J

curl f{z ﬁ' * ﬂz ; UT_J&E — dﬂ” + ﬂt.ﬂm — UT.J&E j + dﬂ” — f{{im j‘,;
vy iz Jz dr dr vy
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