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Line integral of vector field

● We learnt in kinetics that for a conservative force    :

1.

2.

3.

4.

5.
 

● Let us study the line integral of force a little more. 

Consider a vector field and evaluate the line integral along 
infinitesimal rectangular path as shown in figure.

F⃗
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Line integral of vector field
● Now according to the figure

                                                                 y

● Using Taylor expansion:

● Similarly, one can show for AD and DC directions.

● If we add all the contributions, we get
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Stoke’s theorem

● If we take a closed loop enclosing a finite area, we can divide the whole area into 
many infinitesimal area.

● For each infinitesimal area, holds

● Add up the contribution of all infinitesimal areas to get 
the line integral of the total finite area,

Note that in the line integral, the contribution only from the 
boundary of the loop will survive because the contribution 
from the internal lines gets cancelled from adjacent loops.

● Stoke’s theorem: 

If a vector field     is integrated along a closed loop of an arbitrary shape, then the 
line integral is equal to the surface integral of the curl of    evaluated across the area 
enclosed by the loop.

∮ F⃗ . d⃗l=∬
S

∇⃗×F⃗ . d S⃗

F⃗
F⃗

∮ F⃗ . d⃗l=∬
S

∇⃗×F⃗ . d S⃗
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Curl & conservative force

● If     is a conservative force, 

● Then from Stoke’s theorem:

But the surface area enclosed by a closed loop is in general zero. Hence,   

Thus, all conservative forces have vanishing curl.

● Moreover, for conservative force,

We know curl of gradient of any scalar function vanishes,

F⃗ ∮ F⃗ . d⃗l=0

∮ F⃗ . d⃗l = ∬
S

∇⃗×F⃗ . d S⃗ = 0

∇⃗× F⃗ = 0

−∇⃗×∇⃗ V = 0
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Example

● Let’s understand Stoke’s theorem through an example.

Consider a 2D vector field                      . Define a closed loop as shown in figure.

● Calculation of LHS of Stoke’s theorem: 

F⃗=− y î+x ĵ
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Example

● Let’s understand Stoke’s theorem through an example.

Consider a 2D vector field                      . Define a closed loop as shown in figure.

●

F⃗=− y î+x ĵ
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Example

● A conservative force is given by a vector: 
Find V(r).

V(r) can be found in this method if                , that is if F is a conservative force.

So we must first check if ∇⃗× F⃗ = 0


