Line integral of vector field

« We learnt in kinetics that for a conservative force 1_5 :

1. Wy = f?.,.:bﬁ A7 = %mvﬁ —%mva =V#@) - V(@)
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5.§F - dif =0 ’

* Let us study the line integral of force a little more.

Consider a vector field F = = Fei+ Fy]+ F,k and evaluate the line integral along
infinitesimal rectangular path as shown in figure.

=3

$F-dl= [, F-dl+ [ F-dl+ [, F-dl+[ F-dl
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Line integral of vector field

* Now according to the figure (
fABI?' .dl = [F-dyj~ E(y, Z)Ey Diy.z+ 42) _ ; Cly+Ayz+ 42
[, F-dl=[F-dzk~E(y+Ay,z)Az o . = 1

e Using Taylor expansion: Alyz) B(y+Ay.2)

E(y+A4y,z) = E(y,2) +— Ay

-

[ F-dl+ [ F-di= (F Ay+FAz+—Z AyAz)

 Similarly, one can show for AD and DC directions.
-5 -5 —» -3 EiF
JopF-dl+ [, F-dl = (FAy + F,Az + = AyAz)

* If we add all the contributions, we get L. 0F, OF
. f F-dl= ——2AS,
i ] k dy 0z
- o d ad 0
V X F = - - —_ — — — -
0x Jy 0z Hence, § F - dl = (VX F) AS, = (VXF)-AS
F. F, F
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Stoke’s theorem

* If we take a closed loop enclosing a finite area, we can divide the whole area into
many infinitesimal area.

+ For each infinitesimal area, holds § F - di = (Vx F) S, = (VxF)-AS -

* Add up the contribution of all infinitesimal areas to get
the line integral of the total finite area,

$E.di=[[ VxF.d$
S

Note that in the line integral, the contribution only from the
boundary of the loop will survive because the contribution
from the internal lines gets cancelled from adjacent loops.

« Stoke’s theorem:

If a vector field F is integrated along a closed loop of an arbitrary shape, then the
line integral is equal to the surface integral of the curl of F evaluated across the area
enclosed by the loop.

$F.di=[[ VxF.d$
S
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Curl & conservative force

. If F is a conservative force, gﬁ 1_5 c_il =0

* Then from Stoke’s theorem: Sﬁ F.dl = ﬂ VXF.dS =0
S - -
But the surface area enclosed by a closed loop is in general zero. Hence, VX F = 0

Thus, all conservative forces have vanishing curl.

. B = v, av, v -
* Moreover, for conservative force, F = —VV(r) = ———1 - ) "o

We know curl of gradient of any scalar function vanishes, ~-VxV v = 0

i j k

o a 9 9
Now, VX F = | ax dy az
av av av

Cax  ay oz

0%v 92V \ . 02v 02V \ . LA 02y ) -~
) (_ 9ydz T 626y) Lt ( 9zox T 6xaz)j T (_ axdy T dydx e =0
. 0%y FEAY
1ff,

and so on.
0yodz dzdy
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Example

* Let’'s understand Stoke’s theorem through an example.
Consider a 2D vector field F=— yi+x]j. Define a closed loop as shown in figure.

« Calculation of LHS of Stoke’s theorem: Y
$F-dil=[ F-di+[ F-dl+[ F-di+[ F-dl
Now. cl 8(a,0)
'fmﬁ-df=fﬁ dxi‘zfﬂa(—y)dxz[]asyzﬂ.
'fABI? dl=[F dyj‘zfﬂaxdyzaz (; - X
-fBCﬁ-df=fﬁ dxi‘=f£(—y)dx=a2
'fmﬁ-df:fﬁ dyj‘:f;xdy:(]asx:
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Example

* Let’'s understand Stoke’s theorem through an example.
Consider a 2D vector field F=— yi+x]j. Define a closed loop as shown in figure.

 Now, let us calculate RHS, fs(ﬁ X ﬁ) . dS. Y
A
VXF = aax ai ;Z = 2k cl B(2.2)
-y x 0
dS = dxdyk |
Hence,fs(ﬁxﬁ)vd§=2fdxfdy=2a2 0 A "

This clearly shows that LHS=RHS, therefore Stokes’ theorem 1s verified.
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Example

« A conservative force is given by a vector: F = A(x%i + yj)

Find V(r).
-VW=F
Pl Ax and = —Ay

On integrating the first equation we obtain, V(x,y) = —£ + f(y) where F(y) is an
unknown function of y. Substituting this result in the qemnd equation we have,

d Ax3 B af _ _ A
5(—T+f(}’))——ﬂ}’=‘-‘a},— Ay=f(y) =—=+C

Thus, V(x,y) = — gx yz +C

V(r) can be found in this method if =VV = F , that is if F is a conservative force.

So we must first check if @xﬁ’ -0
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